
Homework 3 
Due: Apr. 15 2023 

 
1. Starting with the strong form for the 1D nonlinear heat conduction problem, 
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the element arrays of the matrix problem (M) are 
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a. Derive the arrays 

𝑛&(𝑑&) = {𝑛%&(𝑑&)}, 𝑓& = {𝑓%&}, 𝐷𝑛&(𝑑&) = M
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for three node quadratic finite element using the 2-point Gaussian rule. 
b. Let 𝜅(𝑢; 𝑥) = 1 +	𝑢5, modify the FEM-1D-demo code (https://github.com/M3C-

Lab/FEM-tutorial/tree/main/Chapter-nonlinear) to solve the problem with 
consistent Newton-Raphson method. Report the convergence rate of the error with 
linear, quadratic, and cubic elements. 

 
2. Consider 𝑵(𝒅) = 𝑭&"6, where 

𝑵(𝒅) = S	𝑁)(𝒅)		𝑁5(𝒅)	
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𝐹5&"6 = 0 
Incremental load steps: 

𝐹)&"6 = 𝐹7     𝐹8 = 0  
                                𝐹) = 0.25 
                                𝐹5 = 0.5 
                                 ⋮ 
                                𝐹98 = 10.0 

For both 𝑥 = 15 and 𝑥 = 25 solve for 𝒅 using the following: 
i) Newton-Raphson (consistent tangent) 
ii) Newton-Raphson (consistent tangent) with line search 
iii) Modified N-R (consistent tangent on first iteration in each step) 

https://github.com/M3C-Lab/FEM-tutorial/tree/main/Chapter-nonlinear
https://github.com/M3C-Lab/FEM-tutorial/tree/main/Chapter-nonlinear


iv) Repeat iii) with line search (maximum 5 iterations in for search parameter) 
Accept 𝑠 when |𝐺(𝑠)| ≤ 0.5|𝐺(0)|. If no acceptance 𝑠 then exit. 

v) Modified N-R with BFGS 
vi) Modified N-R with line search and BFGS 

Convergence test: ‖𝐑‖ = `𝑅)5 + 𝑅55, b𝐑:;)
(<;))b ≤ ε‖𝐑:;)8 ‖, ε = 10=9. 

In all cases limit the maximum number of iterations to 15. 
 
Plot: 
a. Exact 𝑁)(𝑑), 𝑑5 = 𝑑)) vs. 𝑑) for 𝑥 = 15 and 𝑥 = 25 
b. Numerical 𝑁)(𝑑), 𝑑5 = 𝑑)) vs. 𝑑) for all cases 
c. Number of iterations to convergence vs. load step number for all cases 
d. Consider the 1D heat equation. Modify the code and experiment it with the 

nonlinear heat conduction. 
 
3. Consider an alternate definition of the BFGS vectors defined by the line search 
function 𝐺(𝑠). Recall that 

𝐺(7)F𝑠(7)H: = ∆𝑑(7) ∙ 𝑅F𝑑(7) + 𝑠(7)∆𝑑(7)H, 

and subtract  
𝐺(7)(0): = ∆𝑑(7) ∙ 𝑅(𝑑(7)) 

to get the identity 

𝐺(7)F𝑠(7)H −	𝐺(7)(0) = ∆𝑑(7) ∙ ∆𝑅(7). 

Now we define the BFGS vectors as 

𝑣(7) ≔
∆𝑑(7)

𝐺(7)(𝑠(7)) −	𝐺(7)(0)
, 

𝑤(7) = −∆𝑅(7) + 𝛼(7)𝑅(7), 

𝛼(7) ≔ k−𝑠
(7)F𝐺(7)(𝑠(7)) −	𝐺(7)(0)H

𝐺(7)(0)
. 

Verify that the quasi-Newton equation is satisfied. 


