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Introduction: Two-field variational principle and its CFD analogue

G.A. Holzapfel, Nonlinear Solid Mechanics: a continuum approach for engineering, Chapter 8.
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fQ (pRO — p) qdV = 0.
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(w, a4 —v) =0,

(x) (w,po (b — b)) + (V- w,p) + (Vw, ") =0,
(g,p — KV - u) 4 Stabilization = 0.
(w, 4 —v) =0,

(V)§ (w,po (9 =b))+ (V- w,p)+ (Vw,e™) =0,

(q,p — KV - v) + Stabilization = 0.

G. Hauke and T.J.R. Hughes. A comparative study of different sets of variables for solving
compressible and incompressible flows. CMAME 1998.
J. Lowengrub and L. Truskinovsky. Quasi-incompressible Cahn-Hilliard fluids and topological

transitions. Proceedings of the Royal Society A, 1998.

19



Constitutive modeling: Gibbs vs. Helmholtz

H. Helmholtz (1821-1894)

How to take derivative ___
if the variable is fixed? * ;

J.W. Gibbs (1839-1903)

J. Lowengrub and L. Truskinovsky. Quasi-incompressible Cahn-Hilliard fluids and topological

transitions. Proceedings of the Royal Society A, 1998.

G. Hauke and T.J.R. Hughes. A comparative study of different sets of variables for solving
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compressible and incompressible flows. CMAME 1998.



Continuum basis: Constitutive law based on the Gibbs free energy

Gibbs free energy per unit mass G := ¢ — 0s + p/p.
Coleman-Noll approach =

dev[o] =pF ( S) F7 4 2fidev[d],

%tr[a]:—p—&—(% +A) Ve -,
q=— KV,
s=_ 9
96’

(&)

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,

and fluid-structure interaction. CMAME 2018.
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Proposition (Additive split): G( D, 0) = Giso (C‘, 9) + Guol (p, ).

Proof: %ppe) =p- (p 0). Integrating the partial derivative gives the split of
energy, where Go1(p, 0 fp ) dp.
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Proposition (Additive split): G (C‘,p, 0) = Gliso (C~', 9) + Guol (p, ).

Proof: %};p’e) = p !(p, ). Integrating the partial derivative gives the split of
energy, where Go1(p, 0) = fp_ldp.

Neo-Hookean material:

(7 H:%u(tl’c—3)—/Ll()g(J)+Hvol(J)7
(V) H—%u(tré—s) + Huot(J).

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,
and fluid-structure interaction. CMAME 2018.
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Examples of closed system of equations within this framework

Compressible Navier-Stokes equations

Incompressible Navier-Stokes equations

Compressible hyper-elastodynamics

Incompressible hyper-elastodynamics

Anisotropic incompressible visco-hyper-elasticity <= Soft tissue solver
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Examples of closed system of equations within this framework

Compressible Navier-Stokes equations
o Incompressible Navier-Stokes equations

Compressible hyper-elastodynamics
o Incompressible hyper-elastodynamics
o Anisotropic incompressible visco-hyper-elasticity <= Soft tissue solver

0= % — v, or a mesh motion equation for ALE-CFD ,

:ﬁ90%+vw'v
O:p%’fvz-adw+vzpfpb,

Elasticity:
gl — gela — g1 (P : S') FT g 23G(~C).
oC
o1 dG(p) _ _19p _ d*G(p) ,dG(p)
p =plp) " = o Bo—ﬁe(p)—pap— e / a

Fluids:
a_dev _ o_m's — /j (Vw'v 4 vaT) + S\Vw .wl.
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Variational multiscale formulation

One (simplest) VMS formulation:

du
0= (7— )de
/%1!’ "

0
0= / qﬂe% +qVa - vdfds +/ Vaq-Tu <pdv — T4 Vap — pb) dQyz,
Qt, ot

dt

0= wpd—v +Vaw: o -V, - wp — pbdQy + w - hdl'y
QL dt T

hi
z

+/ Ve - wre (ﬂe@-l—vm-"v) A
ot dt

A
™ = C’M—QEIg7 7o = CecAxp, cis the elastic wave speed.
cp

T.J.R. Hughes and G.M. Hulbert. Space-time finite element methods for elastodynamics: formulation
and error estimates. CMAME 1988.

G. Scovazzi, et al. Implicit finite incompressible elastodynamics with linear finite elements: A
stabilized method in rate form. CMAME 2017.

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,
and fluid-structure interaction. CMAME 2018.
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Dynamic response of the generalized-a method

R (dn+afrvn+11[r an+am) =0

Jansen-Whiting-Hulbert CMAME 2000 Chung-Hulbert J. Appl. Mech. 1993
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H.M. Hilber and T.J.R. Hughes. Collocation, dissipation, and ‘overshoot’ for time integration schemes
in structural dynamics. Earthquake Engineering and Structural Dynamics, 1978.

C. Kadapa, W.G. Dettmer, and D. Peri¢. On the advantage of using the first-order generalised-alpha
scheme for structural dynamic problems. Computers and Structures, 2017



A segregated algorithm for the nonlinear solver

aml 0 —afyAt,I AUM_L(Z.) R’(ci)
Koo Kor Kov AP | == |RY,
KZ'Z),U K( i),P K(z), AVii1,0) &
U
1 ! o aO N anl 0 —apyAt,I
Kfi),U I(D') P Ki) v f:m - Z),U 0 I 0
a%nK?il),U Kﬂ:) P K?L) v T af;& ?Z),U 0 0 I

G. Scovazzi, et al. A simple, stable, and accurate linear tetrahedral finite element for transient, nearly,
and fully incompressible solid dynamics: a dynamic variational multiscale approach. IJNME 2016.
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A segregated algorithm for the nonlinear solver

aml 0 —a AT [AU, 41, R’(“i)
K?i),l'] sz) P K;E)'L) \% AI:Dn+l,(i) == Rl()z‘)
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Step 1: Solve for AP,IH,@) and AVHH,“).

— k
A B][APaw] _ |RE - &KL RO
C D| |AVoim R — LK R

Step 2: Obtain the displacement update AUnH )
. apyAty, 1 -&
AUTH—I,(i) = %Avn—o—l,(i) - ?R(«;y

G. Scovazzi, et al. A simple, stable, and accurate linear tetrahedral finite element for transient, nearly,
and fully incompressible solid dynamics: a dynamic variational multiscale approach. IJNME 2016.
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Verification: manufactured solutions
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Compressible material Incompressible material

A. Masud and K. Xia, A stabilized mixed finite element method for nearly incompressible elasticity.
CMAME 2005.

T.J.R. Hughes, et al. A new finite element formulation for computational fluid dynamics: V.
Circumventing the Babuska-Brezzi condition. CMAME 1986.
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Anisotropic hyperelastic soft tissue model
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T. Gasser, et al. Hyperelastic modelling of arterial layers with distributed collagen fibre orientations.
Journal of the royal society interface. 2005.
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Iterative solution method

Mass matrix Discrete gradient

+ Stiffness matrix + ...
A B Av __| R?
cC D Ap R"

Discrete divergence  Scaled mass matrix + stabilization

Block preconditioner based on LDU decomposition:

I O|[A O][1 A 'B
P :=LDU := . ,
CA IO S| |O I

wherein S := D — CA™!'B is the Schur complement.

Strategy 1: S +— S leads to a SIMPLE-type block preconditioner.
Strategy 2: Solve S in a matrix-free manner with S as a preconditioner = nested
block preconditioner.

M. Benzi, G.H. Golub, and J. Liesen, Numerical solution of saddle point problems. Acta Numerica,
2005.

T.E. Tezduyar, et al., A nested iterative scheme for computation of incompressible flows in long
domains, Computational Mechanics, 2008.
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Iterative solution method: nested block preconditioner

T.E. Tezduyar, et al., A nested iterative scheme for computation of incompressible flows in long

domains, Computational Mechanics, 2008.
J. Liu and A.L. Marsden, A robust and efficient iterative solver for hyper-elastodynamics with nested

block preconditioning, JCP, 2019.
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Iterative solution

method: efficiency, scalability and robustness
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J. Liu and A.L. Marsden, A robust and efficient iterative solver for hyper-elastodynamics with nested

block preconditioning, JCP, 2019.
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FSI coupling strategy

Solid domain Fluid domain

dev elastic dev viscous

, Segregated algorithm

Solve a Laplace equation, or
a system of linear elasticity
for mesh motion

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,
and fluid-structure interaction. CMAME 2018.
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Flow over an elastic cantilever

570 850

0s 3 r

Beam tip vertical displacement (cm)
|

Time (s)
Author Oscillation period (s) Tip displacement (cm)
W.A. Wall 0.31-0.36 1.12-1.32
W.G. Dettmer and D. Peri¢ 0.32-0.34 1.1-14
Y. Bazilevs, et al. 0.33 1.0-15
C. Wood, et al. 0.32-0.36 1.10-1.20
Current work 0.32 1.2
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Flow over an elastic cantilever
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M.M. Joosten, W.G. Dettmer, and D. Peri¢. On the temporal stability and accuracy of coupled
problems with reference to fluid-structure interaction. IJNMF, 2010.

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,
and fluid-structure interaction. CMAME 2018.
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Conclusion

Spatial discretization ~ Use stable or stabilized FEM/IGA to Incompressible is impossible;
and material handle numerical instabilities nearly incompressible is hard.
properties

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,
and fluid-structure interaction. CMAME 2018.

J. Liu and A.L. Marsden, A robust and efficient iterative solver for hyper-elastodynamics with nested
block preconditioning, JCP, 2019.

J. Liu, A.L. Marsden, and Z. Tao, An energy-stable mixed formulation for isogeometric analysis of

incompressible hyper-elastodynamics. IJNME, in review. 17719



Conclusion

Spatial discretization ~ Use stable or stabilized FEM/IGA to Incompressible is impossible;
and material handle numerical instabilities nearly incompressible is hard.
properties
Temporal scheme No overshoot, better dissipation and Overshoot
dispersion
Coupling Uniform optimal high-frequency Special treatment is needed to handle the
dissipation coupling between 15t and 2" order ODE

systems

CH Gen-alpha

(2" order structural dynamics)

absolute error in velocity

M |
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J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,
and fluid-structure interaction. CMAME 2018.

J. Liu and A.L. Marsden, A robust and efficient iterative solver for hyper-elastodynamics with nested
block preconditioning, JCP, 2019.

J. Liu, A.L. Marsden, and Z. Tao, An energy-stable mixed formulation for isogeometric analysis of
incompressible hyper-elastodynamics. IJNME, in review.
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Conclusion

Spatial discretization ~ Use stable or stabilized FEM/IGA to

and material handle numerical instabilities
properties
Temporal scheme No overshoot, better dissipation and
dispersion
Coupling Uniform optimal high-frequency
dissipation
Linear solver Robust and efficient linear solution

procedure (block PC + AMG)

Implementation As simple (hard) as ALE-CFD

Incompressible is impossible;
nearly incompressible is hard

Overshoot

Special treatment is needed to handle the
coupling between 15t and 2" order ODE
systems

Complicated

Hard to implement

Two main reasons people reject monolithic FSI

J. Liu and A.L. Marsden. A unified continuum and variational multiscale formulation for fluids, solids,

and fluid-structure interaction. CMAME 2018.

J. Liu and A.L. Marsden, A robust and efficient iterative solver for hyper-elastodynamics with nested

block preconditioning, JCP, 2019.

J. Liu, A.L. Marsden, and Z. Tao, An energy-stable mixed formulation for isogeometric analysis of

incompressible hyper-elastodynamics. IJNME, in review.
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